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This paper presents theoretical and experimental analyses of insect flapping mechanics and aerodynamics, with

the aim of developing flapping-wingmicro air vehicles. Amodel of an insect thorax flappingmechanism is developed

that includes a quasi-steady aerodynamic model. Computer simulations of the thorax model show insectlike wing

kinematics, including passive wing rotation at the end of the stroke. These kinematics are perturbed in a sequence of

experiments using a robotic flapping-wing device to determine optimal hovering kinematics. Experiments are

supported with numerical optimization based on the aerodynamicmodel. Apart from optimal kinematics, this study

shows negative aerodynamic power required duringwing rotation,which explains passivewing rotation at the end of

the stroke.

Nomenclature

CD = cycle-averaged coefficient of drag for the entire
wing

CL = cycle-averaged coefficient of lift for the entire wing
C1 = coefficient of translational force
C2 = coefficient of rotational force
f = flapping frequency, !e=2�, Hz
Jw = inertia matrix of the wing, kg �m2

Kf1, Kf2 = parameters of nonlinear flapping spring, N �m
Kr1, Kr2 = parameters of nonlinear rotational spring, N �m
�L= �D = cycle-averaged lift-to-drag ratio
�Pa = total cycle-averaged aerodynamic power,

�Prot � �Pflap, W
�Pflap = cycle-averaged aerodynamic power required to flap

the wing, W
�Prot = cycle-averaged aerodynamic power required to

rotate the wing, W
T = wing-beat period, 1=f, s
�d = �� during downstroke, �=2 � �dr , rad
�u = �� during upstroke, �=2� �ur , rad
�� = constant geometric angle of attack during flapping

phase, �=2 � ��r , rad
� = stroke-plane inclination angle, rad
�T = fraction of wing-beat period during which the wing

rotates, s
�T = nondimensional parameter used to vary �T
�e = excitation amplitude, rad
�f = amplitude of flapping motion or stroke amplitude,

rad
��f = peak stroke amplitude, rad
�e = wing excitation angle, rad
�f = flap angle, rad
�r = wing rotation angle, rad
�dr = ��r during downstroke, rad

�reff = reference flapping motion for robotic flapper
proportional–integral–derivative controllers

�refr = reference rotational motion for robotic flapper
proportional–integral–derivative controllers

�ur = ��r during upstroke, rad
��r = constant rotation angle during flapping phase or

amplitude of rotation, rad
�r = viscous damping coefficient for rotational motion,

N � �m � s�
� = density of the air, kg=m3

�r = phase between flapping and rotational motions, deg
�! = wing angular velocity vector
!e = excitation frequency or flapping frequency, rad=s

I. Introduction

F LAPPING-WING micro air vehicles (FWMAVs) represent an
emerging class of aerial vehicles that can be used as aerial

platforms for numerous applications. These include searching for
survivors in burning buildings and under collapsed structures,
chemical sensing in industry and hazardous environments, inspec-
tion of industrial plants and building security, etc. Inspired by the
sophisticated biological designs of insects and hummingbirds,
FWMAVs are expected to show similar aerial maneuverability. The
recent success of the microscale robotic insect experiment brings us
closer to achieving this goal [1].

To fulfill these missions, FWMAVs are required to satisfy some
key design requirements. One of the most important requirement is
energetically efficient hovering, which requires determination of
optimal wing kinematics. In the past, optimal hovering-wing kinem-
atics of insects have been studied using experiments and numerical
optimization. Sane and Dickinson [2] conducted experiments using
dynamically scaled wings to determine the optimal wing kinematics
of a fruit fly at a Reynolds number range of 100–200. Berman and
Wang [3] investigated energy-minimizing kinematics of three insects
(fruit fly, bumblebee, and hawkmoth) using a quasi-steady aerody-
namic model and numerical optimization. In these studies, the wing
kinematics were approximated by sinusoids, smoothed triangular
waveforms, and trapezoidal waveforms. However, wing kinematics
of insects differ from these waveforms [4–7]. In insects, the thorax
actuation mechanism combined with the elasticity of the wing
structure is responsible for the peculiar wing kinematics. In addition,
the elastic design of the thorax also plays a role in minimizing power
during hovering by storing thewing kinetic energy as strain energy in
the thorax exoskeleton [5,8].

In this paper, we determine the optimal wing kinematics that
maximize aerodynamic performance during hovering flight. To get a
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better understanding of how insect wing motion is generated, we
developed a simplified dynamical model of the Diptera thorax,
which has been studied in detail [9,10]. The thorax model is coupled
with a quasi-steady aerodynamic model based on blade element
method. Numerical simulation of the model generates insectlike
wing kinematics. We parameterized these kinematics and used these
parameters in the optimization process. The parameterization allows
us to vary the wing motion without changing it qualitatively. In the
optimization process, we conduct several experiments on dynam-
ically scaled wings driven by a robotic device. In each experiment,
the wing kinematics parameters are perturbed in order to find the
optimal values of these parameters to achieve peak aerodynamic
performance. The criterion for aerodynamic performance is high lift
at a high lift-to-drag ratio averaged over one wing-beat cycle.
Numerical optimization based on the quasi-steady aerodynamic
model is also used to search for the optimal solution. The ultimate
aim of this research is to develop a hummingbird-sized FWMAV
operating at a high Reynolds number range (10,000 to 20,000), for
which the aerodynamic data are very scarce. Therefore, all experi-
ments and numerical computation are conducted in this Reynolds
number range. Another motivation behind this research is to develop
flappingmechanisms based on the thoraxmodel in order tomimic the
energy-storage capabilities. We anticipate that these mechanisms
could be tuned to generate the optimal wing kinematics determined
in this paper.

The organization of this paper is as follows: Sec. II, describes in
detail the derivation of the thorax model, including kinematics,
dynamics, and aerodynamic modeling of flapping wings. Section III
describes the experimental setup and methodology as well as
experimental verification of the aerodynamic model. Section IV
presents the results of aerodynamic tests designed to seek the optimal
wing kinematics. Section V investigates the feasibility of passive
wing rotation based on experimental results. Finally, Sec. VI presents
conclusions and the next phase of this research.

II. Model of Insect Thorax

A. Background and Motivation

The insect thorax consists of a highly elastic exoskeleton made up
of chitin microfibers embedded in a protein matrix. This fibrous
composite material has the ability to absorb energy and is very strong

[11]. The working of an insect flapping mechanism is shown in
Fig. 1. The thorax consists of two sets of flight muscles: dorsoventral
muscles and longitudinal muscles. These muscles contract alter-
nately and move the roof of the thorax (tergal plate) up and down at
high frequency. This linear motion is translated into flapping motion
of thewing through a hinge mechanism, as shown in Figs. 1b and 1c.

As thewings approach the end of each stroke, the kinetic energy of
the wing is stored as strain energy, due to deformation of the thorax
cuticle [11]. The flappingmotion of thewing is denoted by �f, and �e
is the excitation angle or the flap angle, assuming a rigid thorax. The
difference of �f � �e is proportional to the strain energy. The elastic
design of the thorax allows large stroke amplitudes and minimizes
the repeated shocks of the beating wing. The flapping motion occurs
in a plane called the stroke plane, as shown in Fig. 1d.

As thewing flaps, it twists passively along the span near the end of
each stroke, due to the aerodynamic and inertial forces. In small
insects, such as honeybees and fruit flies, the twist occurs very close
to the wing base. The rest of the wing rotates like a rigid body by an
angle �r (rotation angle), as shown in Fig. 1d. Insect wings have
remarkable built-in structural mechanisms to prevent the wing from
rotating beyond a rotation angle ��r . This is related to the geometric
angle of attack �� � �=2 � ��r . As the wing flips and approaches ��r ,
the rotational stiffness increases sharply and maintains �� during the
flapping phase of the motion [12]. Thewing motion of a honeybee in
Fig. 2 shows nearly sinusoidal flapping motion, whereas the
rotational motion is nearly flat on top andmarked by overshoots, due
to the sharp increase of rotational stiffness as �� is reached. The
thorax excites another mode shape, called the deviation angle �d,
which takes the wing out of the stroke plane, as shown in Fig. 1e.
However, �d is typically much smaller than �f and �r and is therefore
ignored in this study [2,4,5].

B. Mathematical Modeling

Tomodel the thorax, the flight muscles are replaced by an actuator
that can provide the excitation by oscillation, as shown in Fig. 3a. The
elastic thorax exoskeleton is modeled as a nonlinear spring that
connects the flight muscles to the wing hinge. This spring is referred
as the flapping spring. The elastic twist of the wing near the base is
modeled by another nonlinear spring, referred as the rotational
spring. Thewing is assumed to be rigid; therefore, the system has two

Fig. 1 Schematics of an insect thoraxflappingmechanism: a) parts of the thorax, including themain flightmuscles; b–c)flappingmotion is generated by

up and down oscillations of the tergal plate (tergal plate deformation is shown in light gray); d) rotational motion is generated passively by aerodynamic

and inertial loads causing the wing to twist near the base; and e) out of stroke plane or deviation angle �d .
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degrees of freedom ��f; �r�. This is a simplified representation of the
complex insect wing motion that has infinite degrees of freedom.We
attach a coordinate system to the rigid wing of Fw: �x̂w; ŷw; ẑw�, as
shown in Fig. 3b, with the origin denoted by B at the wing base. The
x̂w axis is normal to the wing surface, ŷw is along the spanwise
direction along thewing leading edge, and ẑw is along the chordwise
direction.

1. Wing Kinematics

This analysis assumes that the insect body is fixed in space.
Therefore, the inertial frameF o: �x̂o; ŷo; ẑo� shown in Fig. 3c is also
the body frame. The unit vectors �x̂o; ŷo� describe a horizontal plane
parallel to the Earth, ŷo is normal to the plane of symmetry of an
insect body, and ẑo is along the gravity direction. Thewing frameFw

can be described by three successive rotations with respect to the
inertial frame F o: �x̂o; ŷo; ẑo�, as shown in Figs. 3c–3e. First,
rotation about the ŷo axis by an angle �; second, a rotation about the
current ẑs axis by �f; and third, rotation about the current ŷ1 axis
about the leading edge by �r.We refer to ẑs as the flapping axis and to
ŷw as the rotational axis of the wing. The frame F s: �x̂s; ŷs; ẑs� is
referred to as the stroke-plane frame, and �x̂s; ŷs� describes the stroke
plane. The angle� gives the tilt of the stroke planewith respect to the
horizontal �x̂o; ŷo� plane and is varied by insects for flight control [5].
For steady hovering, � is a constant parameter. The rotation matrix
betweenF o andF s is denoted byR

s
o, betweenF s andF 1�x̂1; ŷ1; ẑ1�

is denoted by R1
s, and between F 1 and Fw is denoted by Rw1 . These

are given by

Rso �
C� 0 S�

0 1 0

�S� 0 C�

0
B@

1
CA; R1

s �
C�f �S�f 0

S�f C�f 0

0 0 1

0
B@

1
CA

Rw1 �
C�r 0 S�r

0 1 0

�S�r 0 C�r

0
B@

1
CA (1)

where symbols C� and S� represent cos� and sin�, respectively.
Similar representations are used for the other angles. The angular
velocity of the wing in the wing frame is given by

�!�� _�f sin �rx̂w � _�rŷw � _�f cos �rẑw (2)

The wing motion can be divided into two phases. The first is a

flapping phase during which _�r � 0 and the wing maintains nearly
constant rotation angle ��r , corresponding to the angle of attack
�� � �=2 � ��r . The second is a rotational phase near the end of the
stroke, during which the wing flips in order to set �� for the
subsequent stroke.

2. Aerodynamic Model

In this paper, we used a quasi-steady aerodynamic model based on
blade elementmethod. Thewing is divided intoN elements, or strips.
from the base to the tip of the wing. The differential aerodynamic
force is computed for each strip and then integrated to obtain the total
force.During theflapping phase, a vortex is created above the leading
edge, which significantly increases circulation (and, consequently,
the lift force) in insects [13,14]. In scaled hawkmothwings revolving
at constant speed, this leading-edge vortex (LEV) remains attached,
and a constant circulation and aerodynamic force are maintained
[15]. Furthermore, the resultant force due to the LEV remains normal
to the wing surface, due to the dominance of pressure forces [15]. As
the wing rotates near the end of the stroke, a rotational circulation
force is generated [16]. Finally, as the wing accelerates from rest at
the end of the stroke, it experiences apparent mass force and wake-
capture effects [11,17]. The major contribution comes from the
normal LEV force during the flapping phase, and we therefore
assume that the aerodynamic force remains normal to the wing
throughout thewing beat. The differential normal force vector on the
ith wing element with a cord length ci and width dri is given by

dF i � dFix̂w � �C1��i��2j �Vij2ci dri�x̂w (3)

Fig. 2 Honeybee wingmotion trajectories for both left and right wings.

(Figure is modified from [4] and reprinted with permission from the

National Academy of Sciences.)

Fig. 3 Schematics of a) simplified insect thorax model with thorax muscles replaced by an actuator; b) coordinate frameFw: �x̂w; ŷw; ẑw� is attached to
the rigid wing; c–e) sequence of three rotations (�, �f , and �r) that describe the stroke-plane inclination and wing motion.
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where C1��i� is a coefficient of normal LEV force, which is a
function of angle of attack�i of the ith element; � is the density of the
air; and �Vi � Vixx̂w � Vizẑw is the flow velocity vector. The span-
wise component Viy along ŷw axis is ignored, since it does not
contribute to the aerodynamic force. According to Walker [17], the
rotational force can be computed along with the LEV force by

evaluating �Vi at a location p1 along the chord at each blade element,

as shown in Fig. 3b. The expression for �Vi is given by

j �Vij2 � j �! 	 �rij2 � V2
ix � V2

iz

� C2
2c

2
i
_�
2
r � 2C2

_�r _�f cos �rrici � r2i _�
2
f (4)

where �! is the angular velocity vector of the wing, given by Eq. (2);
�ri � riŷw � C2ciẑw is the position vector from the baseB to the point
p1; and C2ci is the distance from the leading edge (ŷw axis) to point
p1 along the ith blade element, as shown in Fig. 3b. The parameterC2

is a nondimensional coefficient of rotational force. If we substitute

the expression for j �Vij2 in Eq. (3) and integrate for the entirewing,we
get the total aerodynamic force vector on a rigid wing as

�Fa � Fxx̂w �
XN
i�1

dFix̂w � fC1��i�F1� _�f�

� F2
C1��i�; C2; _�f; _�r�gx̂w (5)

where

Fx �
XN
i�1

dFi

Here, the orthogonal components Fy and Fz are zero, since �Fa is
assumed to be normal to the wing. The functions F1 and F2 capture
the LEV and rotational forces, respectively, and the coefficients C1

and C2 adjust the magnitude of the two terms. The function F2

depends upon both C1 and C2. These functions are given by

F1 �
�

2
_�fj _�fj

XN
i�1

r2i ci dri (6)

F2 �
�

2

�
_�
2
r

XN
i�1

C1��i�C2
2c

3
i dri

� 2 _�r _�f cos �r
XN
i�1

C1��i�C2ric
2
i dri

�
(7)

The virtual mass force can be modeled and added as

C3F3� _�f; _�r; ��f; ��r� in Eq. (5). However, this effect is minimal and
is therefore neglected in this study. The unknown coefficients are

determined using experimental data; this is explained in Sec. III. �Fa
can be transformed in the inertial frameF o and frameF 1 as follows:

Fh

Fl

Fv

0
B@

1
CA o � RsoR1

sR
w
1
�Fa;

D
0

L

0
@

1
A

1

� Rw1 �Fa (8)

where Fh is the horizontal component in the x̂o direction, Fl is the
lateral component in the ŷo direction, and Fv is the vertical
component in the ẑo direction. In frameF 1, L andD are the total lift
and drag forces normal and parallel to the stroke plane along the ẑ1
and x̂1 directions, respectively. The aerodynamic moment vector at
the wing base B is given by

�MB
a �

XN
i�1

�rFi 	 dFi �
�
�Cmy

XN
i�1

ci dFi

�
ŷw

�
�
�
XN
i�1

ri dFi

�
ẑw �Myŷw �Mzẑw (9)

where �rFi � Cmyciŷw � riẑw is a position vector from the wing base

B to the point p2, where dFi acts on each blade element, as shown in
Fig. 3b. The parameter Cmy is the percentage of chord distance from
the leading edge to point p2. The component of aerodynamic

moment about the ŷw, or rotational, axis isMy �My� _�f; _�r�, and the
component of moment about the ẑw axis isMz �Mz� _�f; _�r�. TheMx

component of themoment is zero, since dFi is assumed to act normal
to the chord. The aerodynamic power is given by

Pa � �MB
a � �!�My!y �Mz!z �

�
�Cmy

XN
i�1

ci dFi

�
_�r

�
�
�
XN
i�1

ri dFi

�
_�f cos �r (10)

where !y and !z are the components of �! given by Eq. (2),My!y is
the power required to rotate the wing (Prot is rotational power), and
Mz!z is the power required to flap thewing (Pflap is flapping power).

3. Equations of Motion

The equations of motion of the thorax model are derived based on
Lagrange’s equations with q� ��f; �r�T as the generalized
coordinate vector. The equations are given by

d

dt

�
@T
@ _q

�
T

�
�
@T
@q

�
T

�
�
@V
@q

�
T

�Q (11)

whereV is the potential energy,Q is the generalized force vector, and
T is the kinetic energy given by

T � 1

2
�!TJw �!; Jw �

Jx 0 0

0 Jy Jyz
0 Jyz Jz

0
@

1
A
B

(12)

where �! is given by Eq. (2) and Jw is the wing inertial matrix in the
Fw frame computed at thewing baseB. The potential energy is given
by

V � 1
2
Kf1��e � �f�2 � 1

4
Kf2��e � �f�4 � 1

2
Kr1�

2
r

� 1
4
Kr2�

4
r � 1

2
Kr3�

2
r (13)

where �e is the excitation angle; Kf1 and Kf2 are parameters of the
nonlinearflapping spring; andKr1,Kr2, andKr3 are parameters of the
nonlinear rotational spring. The additional parameter Kr3 is a
discontinuous function of �r. It is included to model the sharp
increase in rotational stiffness in an insect wing, as shown in Fig. 1d.
Mathematically, Kr3 is given by

Kr3��r; ��r � �
�
0 if j�rj< ��r
Kr3 if j�rj � ��r

(14)

Note that in order to maintain ��, then Kr3 
 Kr1; Kr2. The virtual
work is given by

�W � �MB
a � � �! � �r _�r � ��r (15)

where � �! is the variation of wing angular velocity vector �!, and�r is
the viscous damping coefficient for the rotational motion. The
equation of motion of the coupled oscillator system is given by

M�q� �q� C�q; _q� �G�q� �Q�q; _q� (16)

where the inertial matrix M�q�, centrifugal force vector C�q; _q�
potential force vectorG�q�, and generalized force vectorQ�q; _q� are
given by
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M�q� �
sin2�rJx � cos2�rJz cos �rJyz

cos �rJyz Jy

 !

C�q; _q� �
�Jx � Jz� sin�2�r� _�f _�r �Jyz sin �r _�r2

�1
2
�Jx � Jz� sin�2�r� _�f2

 !

G�q� �
�Kf1��e � �f� � Kf2��e � �f�3

Kr1�r � Kr2�3r � Kr3�r

 !

Q�q; _q� �
cos �rMz� _�f; _�r� � 	d
My� _�f; _�r� � �r _�r

 !

where Q�q; _q� is obtained from Eq. (15). The system is excited by
�e�t� ��e cos�!et� in theG�q� vector. The dynamic Eq. (16) along
with the aerodynamic model given by Eq. (5) constitutes the
complete model of the system.

C. Computer Simulation

The result of numerical simulation of Eq. (16) is shown in Fig. 4
after the system attains steady state. Note that the rotational motion is
qualitatively similar to the honeybee wing motion shown in Fig. 2.
Also note that �f trajectory is not exactly a sinusoid. The trajectory is
curved on one side and straight on the other side, as indicated in
Fig. 4. The honeybee flappingmotion has a similar profile (see the �f
trajectory in Fig. 2). This motion can be described by a few
parameters that allow variation in kinematics without changing it
qualitatively. As shown in Fig. 4, these parameters are the stroke
amplitude �f; the constant geometric angle of attack ���
�=2 � ��r , which can be further divided into angle of attack during

upstroke �u and downstroke �d; the duration of wing rotation �T,
which is a fraction of wing-beat time period T during which flip
occurs; the phase shift �r between the flapping and rotational
motions; and the inclination of the stroke plane �. In the next
sections, the optimal set f�f; �u; �d; �r;�T; �g is determined based
on maximum aerodynamic performance.

III. Experimental Methodology

A. Robotic Flapper

To characterize the aerodynamics of flapping wings, a robotic
flapper was designed and fabricated (Fig. 5). It consists of two
independent servo motors that move a scaled-up wing according to
the desired flapping and rotational motions. A force-torque sensor
(Nano17 from ATI Industrial Automation) is mounted near the wing
base. The sensor captures all three components of forces and
moments as the wing moves. These data are filtered online using a
first-orderfilter andfiltered offline using a zero-phase-delay low-pass
Butterworth filter with a cutoff frequency set to 15 times the flapping
frequency of the robotic flapper. The gravity and inertial loads of the
wing are computed online using a Newton–Euler equation and
subtracted from the sensor output to get the pure aerodynamic force
and torque, which are transformed into the wing frame Fw (Fig. 5).
The resolution of the sensor is 0.0031N for the forces and 0:0156 N �
mm for the moments.

A steady-state solution of Eq. (16) can be used as a reference
signal for the servo motor proportional–integral–derivative (PID)
controllers. However, Eq. (16) is highly nonlinear andmight result in
unexpected motion when certain parameters are changed to vary the
kinematics. Therefore, for the safety of the flapper and sensor,
the steady-state solution of Eq. (16) is fitted by Fourier series for the

Fig. 4 Typical numerical simulation result of the thoraxmodel after reaching steady state. Here,�f � 90� and ��r � 60� or �� � �=2 � ��r � 30�. Note

that �r varies very little from ��r during the flapping phase, due to the presence of Kr3 term. The system parameters are Jx � 1:12e � 5 kg �m2,

Jy � 2:24e � 7 kg �m2, Jz � 1:1e � 5 kg �m2, Jyz� 8:82e � 7 kg �m2, Kf1 � Kf2 � 0:016 N �m, Kr1 � Kr2 � 0:0001 N �m, Kr3 � 0:15 N �m,

�r � 1e � 5 N � �m � s�, �e � 30�, and !e � 57 rad=s.

Fig. 5 Robotic flapper designed and fabricated at theUniversity of Delaware. It is driven by independent servomotors to generate ��f ; �r�wingmotion.

A six-axis sensor records the aerodynamic force and torque loads generated by the wing. These data are transformed into the wing frameFw�x̂w; ŷw; ẑw�.
The wing planform used in all experiments is also shown.
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flapping motion and a linear second-order oscillator is used to fit the
rotational motion as follows:

�reff �t� �
X3
n�1

cn cos�2�nft� �n� (17)

��r
ref�t� � 30f _�r

ref�t� � 400f2�refr �t� � 400f2F�t� (18)

where

F�t� �

8<
:
cos�2�ft� �r��T; if �ur < cos�2�ft� �r��T < �dr
�dr if cos�2�ft� �r��T � �dr
�ur if cos�2�ft� �r��T � �ur

where cn is the amplitude, �n is the phase of the nth harmonic, f is the
flapping frequency of the robotic flapper, and�r is the phase between
flapping and rotational motions. The stroke amplitude can be varied
by varying the amplitude of the first harmonic: i.e., �f � c1. The
forcing function F�t� is a clipped sine wave, where the parameter �T
is used to manipulate �T, and �ur and �dr adjust �u and �d,
respectively. This formulation allows variation of wing kinematics
parameters f�f; �u; �d; �r;�T; �g. For the optimization study, we
start with the following set of nominal kinematics parameters:
�f � 70�, �u � �d � �� � 35�, �r � 0�, and �� 0�, and flip
duration�T is considered nominal, for which �T � 150 in Eq. (18).

For hovering flight, lift balances the weight, and the drag should
average to zero. Therefore, when �� 0�, the angle of attack is kept
identical during both upstroke and downstroke in order to cancel the
wing drag: i.e., �u � �d � ��. The PID controllers for the servo
motor are tuned to follow �reff �t� and �refr �t� reference trajectorieswith
a high degree of precision.

B. Dynamic Scaling

The governing equation describing insect aerodynamics is the
Navier–Stokes equation. We nondimensionalize the Navier–Stokes
equation using the time periodT of wing-beat cycle as the time scale,
themeanwing tip velocityUt � 4f�fR as the velocity scale, and the
mean chord as the length scale:

�c�
XN
i�1

ci
dri
R

where R is the wing length from the wing base B to the wing tip. The
nondimensional equation is given by

K
@ �u

@	
� �u � r �u��r �P� 1

Re
r2 �u (19)

where theReynolds numberRe and the reduced frequency parameter
K are nondimensional parameters given by

Re�
4f�fR �c



; K � �c

4�fR
(20)

Toobtain dynamic scaling, it is necessary to keep thevalues of both
Re andK the same for theflapperwing and a one-fifth-scale FWMAV
wing. The scaled-up flapper wing is made from carbon composite
tubes and coveredwithMylar membrane that is heat-shrunk on to the
carbon composite frame. The carbon tubes ensure that the wing
structure does not deform under aerodynamic loads. However, the
Mylar membrane billows slightly between the tubes, thus changing
the wing profile as the wing moves. Furthermore, the membrane is
attached on one side of the frame, which causes an asymmetric
change in wing profile between upstroke and downstroke.

C. Calibration and Validation of Aerodynamic Model

The aerodynamic model requires the coefficients C1 and C2 and
the parameterCmy [refer to Eqs. (6), (7), and (9)]. The coefficientsC1

andC2 are determined sequentially, since the functionsF1 andF2 are
partially independent during the wing-beat cycle. During the

flapping phase, F2 � 0, since _�r � 0, and F1 ≠ 0 and approaches
maximum value near midstroke (�f � 0). During the rotational

phase, near the end of the stroke, _�f ! 0; consequently, F1 ! 0,

whereas F2 approaches maximum value, because _�r is maximum.
Therefore, during flapping phase, near midstroke,

Fx � C1F1 ) C1���� � Fx=F1

where the Fx component is acquired from the sensor, and F1 is

known. Since _�r � 0 near midstroke, �i � �� for all wing elements.
Therefore, at midstroke, C1��i� � C1���� and is determined over a
range of�� values from 10 to 90�. NextC2 is adjusted until themodel
matches with the sensor data near the end of the stroke. Finally,
moment My is matched by adjusting the parameter Cmy. C1 varies
almost linearly with �� and can be fitted byC1���� � �dC1=d�

����.
For the wing used in our experiment, we found that dC1=d�

��
6=� �, C2 � 0:65, and Cmy � 0:5 give the best fit.

A comparison of experimental data and aerodynamic model over
onewing-beat cycle is given in Fig. 6 for a typical kinematic pattern.
The experimental data are averaged over 10 wing beats and
compared with the aerodynamic model and a truncated modelC1F1.
The normal Fx force component and the My and Mz moment
components of themodel match verywell with the experimental data
during the entirewing-beat cycle.However, the experimental data are
not symmetric between the upstroke and downstroke. This is most
likely due to asymmetric deflection of the Mylar membrane, as
explained in Sec. III.B. The chordwise force component Fz shows a
lot of variation over 10wing beats and remains close to zero.Fz is not
identically zero, due to noise in the data caused by minute structural
vibrations and asymmetric membrane deflection as the wing moves.
Similarly, theMx component (not shown) is also close to zero. This
validates our assumption that the resultant force is normal to the
wing. The full model Fx � C1F1 � F2 compares very well, and the
truncated model Fx � C1F1 compares well during the flapping
phase, but fails to predict the force peaks near the end of the stroke,
due to wing rotation. However, these rotational peaks vanish as �f

approaches 90�; in that case, Fx � C1F1 is sufficient to predict the
aerodynamic force.

IV. Optimal Hovering Kinematics

A. Performance Criteria

We define the cycle-averaged lift and drag coefficients as follows:

CL �
1
T

R
T
o L�t� dt

1=2�S2�
2�f�f�2

; CD �
1
T

R
T
o jD�t�j dt

1=2�S2�
2�f�f�2

(21)

where

S2 � 2
XN
i

r2i ci dri

is the second moment of wing area [5], and the numerators are the

cycle-averaged lift �L and drag �D. The time-varying liftL�t� and drag
D�t� forces are transformed from the wing frame using Eq. (8). Drag
cancels out during onewing-beat cycle; therefore, the absolute value
of drag is considered. The criterion for aerodynamic performance is

high CL at a high �L= �D ratio. To determine the peak operating point,
we vary each kinematic parameter in the set f�f; �u; �d; �r;�T; �g
in a sequence of experiments designed to find the optimal kinematic
parameter set. This is described in the following sections.

B. Experiment 1: Optimal Stroke Amplitude �f

In the first experiment �f is varied from 30 to 90� in 10�

increments while keeping the product f�f constant. This ensures
constantRe,Ut, and the denominator ofCL andCD, whereas reduced
frequency K varies inversely with �f. Other kinematic parameters
are �� � �u � �d � 35�, �� 0�, �r � 0�, and nominal �T.

The experimental results presented in Fig. 7 show an increase of
�L= �D and CL as �f increases. The �L= �D computed from the model
shows a similar trend. The time trajectories of L�t� andD�t� for both
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experiment and model are shown in Fig. 8 for a range of�f from 30
to 90�. The results show an increase in rotational force peaks due to
wing rotation as �f decreases and reduced frequency K increases
[see Eq. (20)]. The reduced frequency is ameasure of unsteadiness in
theflow, as can be seen byEq. (19). Largevalues ofK indicate greater
unsteadiness in the flow. In the case of�f � 30�,K is largest and the
data show very large force peaks as well as secondary peaks
(indicated by arrows in Fig. 8). This phenomenon is not captured by
the quasi-steady aerodynamic model. These peaks decrease the lift
and increase the drag. Note that as �f is increased to 90�, the
rotational peaks vanish and the aerodynamic force can be predicted
by even the truncated model C1F1. The results clearly show an
increase in aerodynamic performance as �f increases; however, by
manipulating rotational motion, aerodynamic performance might be
improved even for smaller amplitudes. This leads us to the second
experiment.

C. Experiment 2: Optimal Flip Motion

In the second experiment, the wing rotation of flip is varied in two
ways from the nominal kinematics:

1)�T is varied from nominal to fast and slow, as shown in Fig. 9a.
2) For each�T, the phase �r is varied from�30� (delayed flip) to

30� (advanced flip) in 5� increments, as shown in Fig. 9b.
For this experiment, �� � �u � �d � 35� and �� 0�. To vary

�T, the parameter �T in Eq. (18) was set to 90, 150, and 3000 for
slow, nominal, and fast flip durations, respectively.We perform these
experiments at �f � 40 and 90� to see the effect on both small and
large amplitudes when the product f�f is kept constant. The

experimental data and �L= �D computed from the model is shown in
Figs. 10a–10d for�f � 40� and in Figs. 10e–10h for�f � 90�. For
both amplitudes, advanced flip (�r > 0�) results in an increase of CL
and of �L= �D. The maximum values of �L= �D occur at values of �r
between 0 and 20�, whereas CL increases almost linearly with �r.

Fig. 6 Comparison of time trajectories of aerodynamic force and torque data with the aerodynamic model: a–b) time trajectories of the actual wing
motion obtained fromoptical rotary encoders, and c–f) aerodynamic data are averaged over 10wing-beat cycles. The abscissa is the nondimensional time,

where t is the actual time and T is the wing-beat period; Re� 18; 326 and K � 0:0385.

Fig. 7 Effect of varying�f while maintaining constant Re,Ut, and denominators of CL and CD. The �L= �D ratio and CL increase as�f is increased. The
�L= �D computed from the model shows a similar trend.
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From Fig. 10, it can be seen that the aerodynamic performance is
more sensitive to rotational motion at �f � 40�. In the case of

�f � 40�,�T has a considerable effect on �L= �D. The slowflip results

in a higher �L= �D than with the fast and nominal flip durations. Both
slow and nominal cases show improvement ofCL compared with the
fast case. In the case of �f � 90�, �T has very little effect on CL.
whereas slow �T results in smaller �L= �D values compared with the

fast and nominal cases. The �L= �D computed from the aerodynamic
model matches less accurately in the case of �f � 40�, due to the
large force peaks not captured by the model (see Fig. 8).

By varying �T and �r, we are able to improve �L= �D and CL for

both �f � 40 and 90�, compared with the values of �L= �D and CL at
the same amplitudes in Fig. 7. The maximum values of �L= �D and CL
do not occur at the same �r, and a compromise must bemade. A high

CL is important for carrying payload, whereas a high �L= �D reduces
aerodynamic power required for a given payload. Based on a

requirement for high �L= �D, the most optimal operating point is
�f � 90�, �r between 5 and 15�, and nominal �T.

D. Experiment 3: Optimal Angle of Attack ��

Based on the results of experiments 1 and 2, we have established

thatCL and �L= �D increase at large�f values, early flip (�r > 0�), and
nominal �T. However, �� was kept constant at 35� during these
experiments. In the third experiment, we maintain �f � 90� and
nominal �T, and �� � �u � �d is varied from 10 to 70� in 5�

increments. The experiment is repeated for fivevalues of�r (�5, 0, 5,
10, and 15�), including the optimal range of �r found in the previous
experiment.

The results given in Fig. 11 show that maximum �L= �D occurs
between �� � 15 and 20�; however, maximum CL occurs at
�� � 55�. Therefore, the optimal value of �� is again a compromise

between maximum �L= �D and CL. In hummingbirds and insects that
hover with a horizontal stroke plane, �� varies between 25 and 40�

[5,18]. This gives a good compromise between CL and �L= �D. For
maximum desired �L= �D, �� should be close to 25�, and for maximum
desired CL, �

� should be close 40�. The results again show that

�r < 0� (delayed flip) decreases �L= �D and CL. The �L= �D computed

Fig. 8 Time trajectories of L�t� andD�t� over one wing-beat cycle for bothmodel and experiment. Each curve is averaged over 10 wing-beat cycles. The

experimental data show increased force peaks coinciding with wing rotation as �f is decreased. The results also show secondary force transients at

�f � 30� (indicated by arrows), which are not predicted by themodel. For this experiment,�� 0�,�u � �d � 35�,�r � 0�,�T is nominal,Re� 10; 263,
and K varies from 0.1154 at �f � 30� to 0.0385 at �f � 90�.

Fig. 9 Variation in flip motion: a) perturbation in flip duration�T from nominal trajectory to fast and slow and b) for each flip duration, �r is varied

from �30 to 30� in 5� increments. Note that �r > 0 is an early flip, �r < 0 is a delayed flip, and �r � 0 is the nominal phase.
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from the model is also shown and compares well with the
experiment, except below �� � 15�, where experimental data show a
very sharp decrease.

E. Experiment 4: Optimal Stroke-Plane Inclination �

In the previous three experiments, the stroke plane was kept
horizontal: i.e., �� 0�. To determine the effect of stroke-plane
inclination on optimal kinematics and aerodynamic performance, we
used numerical optimization based on the aerodynamic model given
by Eq. (5). The algorithm used for optimization is sequential
quadratic programming, available as a fmincon function in
MATLAB. In the case of an inclined stroke plane, the lift vector tilts
forward by an angle �, since it is normal to the stroke plane. The
vertical force Fv, which is transformed into the inertial frame F o by

Eq. (8), opposes gravity. Therefore, the �L= �D ratio is modified to
�Fv= �D, where

�F v �
1

T

Z
T

o

Fv�t� dt

is the average vertical force over one wing-beat cycle. The cost
function is given by

f��f; �d; �u; �r� � w1

�
1

�Fv

�
2

�w2

�
�D
�Fv

�
2

(22)

wherew1 andw2 are theweights. The cost function is independent of
�; however, the optimization problem is solved for a range of �
values, starting from 0� (horizontal stroke plane) to 90� (vertical
stroke plane) in 10� increments. Furthermore,�T isfixed at nominal,
which is optimal at�f � 90� and �� 0�. This greatly simplifies the
optimization problem. The cost function is designed to seek the

optimal kinematic parameters that increase �Fv and the �Fv= �D ratio
subject to the following constraints:

Fig. 10 Results of experiment 2: a–d) experimental data and �L= �D computed from the model for �f � 40�, e–h) results for �f � 90�; �� 0�,

�u � �d � 35�, and Re� 18; 326; K � 0:0865 at�f � 40� and K � 0:0385 at �f � 90�. See the text for an explanation of the results.

Fig. 11 Results of experiment 3. Plots ofCL,CD, and �L= �D against�� are shown for five values of�r��5; 0; 5; 10; 15
�� at�f � 90� and nominal�T. For

this experiment, Re� 18; 326 and K � 0:0385.
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��f < 0; �f � �=2< 0 (23)

�dr � �=2< 0; ��dr < 0; ��ur � �=2< 0; �ur < 0

(24)

�r � 30< 0; ��r � 30< 0 (25)

�F h �
1

T

Z
T

0

Fh�t� dt� 0 (26)

where the first two inequality constraints ensure that �f remains
between 0 and 90�. The next four inequality constraints ensure that
wing rotation angle during downstroke remains between 0 and 90�,
which is a feasible limit and similarly remains between 0 and �90�
during upstroke. The next inequality constraint keeps �r between
�30 and 30�. Finally, the equality constraint ensures that the cycle-

averaged horizontal force �Fh in the inertial frame is zero. This is a
fundamental requirement for hoveringflight.Fh�t� is computed from
Eq. (8).

The cost function is weighted heavily toward increasing �Fv= �D in a
ratio of w2=w1 � 3000. The optimization results are shown in
Fig. 12. For the case of the horizontal stroke plane (�� 0�),
optimization gives �f � 90�, �r � 9:3�, and �u � �d � 24:3�.
These values are close to the values obtained in experiments 1, 2, and

3 for maximum �L= �D. As � is increased from 0 to 90�, the flap
amplitude �f decreases, �r shifts from positive to negative, and �d
increases almost linearly, whereas �u decreases. At �� 90�, �d �
90� during downstroke, offeringmaximum resistance, whereas �u �
0� during upstroke, offering no resistance. The robotic flapper was

operated at the optimal kinematics for each � value, and values of �Fv
and �Fh and the �Fv= �D ratio were obtained; these are shown in
Figs. 12b and 12c, along with the values obtained from the model.
The product f�f is kept constant during this experiment, which

means the coefficient of vertical forceCv / �Fv. Here,Cv replacesCL
and is obtained from Eq. (21) by substituting �Fv for �L. The
experimental results closely match the numerical optimization

results. The hovering constraint �Fh � 0 is also nearly satisfied. The

results show that themaximum �Fv= �D occurs at�� 0� and decreases
considerably for increasing values of�. The averagevertical force �Fv
(orCv) is nearly the same for all� values. Therefore, themost optimal
stroke-plane inclination is horizontal (�� 0�), along with the values
of �f, �r, �u, and �d determined above.

V. Feasibility of Passive Wing Rotation

The cycle-averaged aerodynamic power is computed by

�P a �
1

T

Z
T

0

Pa�t� dt

where Pa�t� is given by Eq. (10). The components of �Pa are the

averaged rotational power �Prot and flapping power �Pflap. In the thorax
model, the wing rotation is generated passively. If we ignore the
effects of wing inertia, stiffness, and friction, passive rotation

requires that �Prot < 0. Therefore, to study the effect of wing
kinematics on aerodynamic power and to check the feasibility of

passive rotation, we computed �Pa, �Prot, and �Pflap for the data of

experiments 2 and 3. Note that �Prot reflects the rotational aero-
dynamic power mainly at the end of the stroke, when the wing flips.

During the flapping phase, �Prot � 0, sincewing rotation is negligible.
Therefore, cycle-averaged rotational aerodynamic power is a good
measure of the feasibility of passive wing rotation.

The plots of aerodynamic power for experiment 2 (�f � 90� case)
are shown in Figs. 13a–13c for the three flip durations against �r,
ranging from �30 to 30� in 5� increments at �� 35�. The optimal

phase range (5� < �r < 15�) that maximizes �L= �D is indicated by the
vertical lines in Fig. 13b (see also Fig. 10g). The power curves of

experiment 2 show that �Pa approachesminimumvalue in the optimal

�r range and �Prot comprises a tiny fraction of �Pa for all �r values. In
the optimal phase range, �Prot < 0when�T is a slow curve and when
�T is a nominal curve below �r � 12�. When �T is a fast curve,
�Prot < 0below�r ��10�, which is outside the optimal�r range. The
results of experiment 2 in Fig. 10g show that the fast and nominal flip

durations result in larger �L= �D values, compared with the slow flip
duration in the optimal �r range. Therefore, based on the feasibility
of passive rotation, the most optimal operating region is given by the
nominal�T case below �r � 12�. For values of �r greater than 15

�,
higher CL can be achieved, but passive rotation will not be feasible.
The optimal phase range (5� < �r < 15�) roughly lies between the
infeasible region and the region of poor aerodynamic performance.

Similarly, Figs. 13d–13f show the aerodynamic power data for
experiment 3, where the power curves for values of �r (�5, 0, 5, 10,
and 15�) are plotted against ��. The data show that �Pa increases

monotonically with �� and almost identically for all �r values. �Prot is

again a tiny fraction of �Pa for all �
� values and varies with increasing

�r, as shown in Fig. 13e. The results of experiment 3 show that peak
aerodynamic performance occurs at�r > 0�, and the optimal angle of
attack range is 25� < �� < 40�, indicated by the vertical lines in

Fig. 13e. However, �Prot > 0 for �r � 10� in the optimal �� range, as
shown in Fig. 13e. The curves for �r � 0 and�5� show that �Prot < 0
in the optimal �� range, but the aerodynamic performance also
decreases. Therefore, the most optimal and feasible operating region
is 5� < �r < 10� for values of�� > 30�. Therefore, the optimal range
of �� lies roughly between the infeasible region, where Prot > 0, and
a region of poor aerodynamic performance.

These results show that the requirement of passive wing rotation
limits the optimal solution. However, we did not take into account the
effects of rotational inertia of the wing and strain energy of the
rotational spring in this analysis. The center of mass of the wing is
located behind the rotation axis (leading edge). Therefore, when the
wing decelerates near the end of the stroke, the rotational component

Fig. 12 Optimization results: a) optimal values of�f ,�d ,�u, and�r against�; b–c) values of �Fv, �Fh, and �Fv= �D obtained from themodel and experiment

using the values of optimal kinematic parameters. The experimental result shows that �Fh is close to zero for all � values. This verifies the optimization

constraint �Fh � 0. Peak �L= �D occurs at �� 0�, and �Fv / Cv is the same for all � values.
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of inertial power should be negative. If inertial power is added, the
effect would be to shift the Prot curves down and extend the feasible
region [19].

VI. Conclusions

In this paper, a two-degree-of-freedommodel of an insect thorax is
presented along with an aerodynamic model of flapping wings.
Despite the simplifying assumptions in modeling, computer simula-
tions reveal insectlike kinematics. These kinematics can be described
by a few parameters that can be varied without changing the kine-
matics qualitatively. Using experiments and numerical optimization,
the optimal values of these kinematic parameters, along with other
useful results, were found. These are summarized below.

1) Maximum averaged lift coefficient CL and lift-to-drag ratio
�L= �D do not occur at the same parameter values. Therefore, a
compromise has to be made between achieving maximum lift

capability (high CL) and maximum lift/drag (high �L= �D ratio).

2) Large�f increases both CL and �L= �D. The maximum physical
limit is �f � 90�, due to wings colliding with each other.

3) Advanced flip (�r > 0�) increases both �L= �D and CL. However,
although CL increases almost linearly with �r, maximum �L= �D
occurs at �r � 10�.

4) There exists an optimal flip duration �T that increases

maximum �L= �D. However, �T has little effect on CL.
5) Aerodynamic performance (CL, �L= �D) is sensitive to rotational

motion at smaller stroke amplitudes, where unsteady effects are
maximum.

6) Maximum CL occurs close to �� � 55�, and maximum �L= �D
occurs at�� � 20�. A good compromise can be achieved in the range
of 25� < �� < 40�.

7) Maximum �L= �D occurs at �� 0� (horizontal stroke plane).
8) The quasi-steady aerodynamic model becomes less accurate at

smaller stroke amplitudes, where reduced frequency K is large.
9) Passive wing rotation is feasible for the optimal kinematics.

Furthermore, the feasible region extends further if inertial effects are
included.

The quasi-steady aerodynamic model used in this study depends
upon the experimentally determined force and torque coefficientsC1,
C2, and Cmy, which are a strong function of Reynolds number, wing
geometry, and kinematics. Therefore, generic use of this aero-
dynamic model should be avoided. However, the model is not
computationally intensive, and despite its limitations, it can be used
for numerical optimization as done in this paper and for study of
flapping-wing flight dynamics.

A future goal will be to determine the optimal parameters of the
thorax model in order to generate the optimal kinematics. The thorax
model parameters include wing inertia, flapping, rotational stiffness,
and excitation frequency. This analysis might explain the signif-
icance of optimal wing inertia distribution and stiffness in improving
aerodynamic performance. The thorax model can then be used as a
conceptual model for the design of FWMAV flappingmechanism, in
which the passive wing rotation can significantly reduce the
mechanical complexity and weight of the device.
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